
U.C. MATH BOWL 2020
LEVEL II — Session 1

Instructions: Write your answers in the blue book provided. Remember that even correct answers without
explanation may not receive much credit and that partially correct answers that show careful thinking and are
well explained may receive many points.

Have Fun!

1. Assuming that the indicated pattern continues on forever what fraction of the original square is colored

black?

If f is the fraction then f = 1/3 since f = 1/4 + f/4.

Alternatively one could sum a geometric series (this is what most teams did) since the largest filled
square is 1/4 of the entire square and each subsequent filled square is 1/4 the area of the previous one.
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2. In the diagram shown, the boxes are to be filled with the digits 1 through 8 (each used exactly once). No
two boxes connected directly by a line segment can contain consecutive digits. What is the sum of the digits
in the boxes marked X and Y?

Question 10 
Each year a car is worth 8% less than it was the year before. After three years the car is 
worth $19,311.46. What was the original value of the car? 
 
Answer: $24,800.00 
Solution: If X is the original value of the car, we�re told that 		(1−0.08)

3X =19311.46   so that 
X=24800.	
 
Question 11 
What is the sum -1+2-3+4-5+….-99? Here the plus and minus signs alternate. 
Answer: -50	
 
Solution: Consecutive pairs of odd followed by even numbers add 1 to the total: 2-1,4 -3 etc. The 
last complete odd-even pair is -97+98, providing a total of 98/2=49. Subtracting 99 makes the 
total -50. 
 

Question 12 
In the diagram shown, the boxes are to be filled with the digits 1 through 8 (each used exactly 
once). No two boxes connected directly by a line segment can contain consecutive digits. What 
is the sum of the digits in the boxes marked X and Y? 

Answer: 9 
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9. In the diagram shown, the boxes are to be filled with the digits 1 through 8 (each used 
exactly once). No two boxes connected directly by a line segment can contain consecutive 
digits.  What is X+Y? 

 
a. 7 

b. 8 

c. 9 

d. 10 

e. 11 
 

 
 
10. As Elena climbs a ladder, she finds that the number of rungs above the one that she is on is 

twice the number of rungs below the one she is on. After climbing 5 more rungs, she finds 
that the number of rungs above the one she is on is equal to the number of rungs and below 
the one she is on. How many more rungs must she climb to have the number below her be 
four times the number above her? 

 
a. 5 

b. 6 

c. 7 

d. 8 

e. 9 
 

11. How many triangles of any size are shown in the figure below? 
 
a. 8 

b. 9 

c. 10 

d. 11 

e. 12 

 

 
 

Try filling in the boxes! Youll quickly discover that the two central squares must be the ones with 1 and
8 in them since these squares have 6 neighbors. And then youll see that the squares on the ends must
be filled with 7 and 2. After that, theres two places in which 3 can go. Having chosen that, theres only
one place 4 can go that leaves places for 5 and 6. Any way you place 3, the boxes X and Y end up with
the digits 4 and 5 (or 6 and 3). The sum is 9 either way.

3. You sit at a sprawling table with a pile of thousands of quarters in front of you, but you don’t know exactly
how many. You have a blindfold on, so you cannot see the quarters, but you do know that exactly 20 quarters
are tails-side-up, and the rest are heads-up.You can move the quarters and flip them over as much as you
want, but remember, you cannot see what you are doing. Though you can feel the quarters, you cannot
determine which side is heads and which side is tails just by touch. How do you separate the quarters into
two groups that have the same number of tails-side-up quarters in them?



Take 20 of the quarters from the big pile and turn them over. If the 20 you pick include k with tails up,
then there are 20− k tails up coins in what remains of the original collection. After you turn over your
20 coins, there are 20− k coins in your collection that are tails up.

4. Suppose a and b are positive numbers with a < b. Arrange the following in increasing order:
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Some are easy: b
a+2 <

b
a+1 <

b
a <

b+1
a based on same number of parts and same sized arts comparisons.

Same number of parts also shows (b+ 1)/(a+ 1) < (b+ 1)/a.

So the only real question is the location of (b+ 1)/(a+ 1).

5. In the figure line BD intersects AE at the point C. The length of BC is 9 cm, then length of AC is 15 cm
and the length of ED is 8 cm. Find the combined area of triangle ABC and triangle DEC.
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palette of
problems Prepared by Matt B. Roscoe, matt.roscoe@umontana.edu, University of Montana, Missoula, and Stephan Pelikan, pelikan@math.

uc.edu, University of Cincinnati, Ohio. Teachers, student groups, or mathematics clubs are encouraged to submit single problems or 
groups of problems to the editor, Matt B. Roscoe, at matt.roscoe@umontana.edu. Published problems will be credited. 

1. In the fi gure below, the caffeine content of different 
fl avors of Fusion teas is compared with other beverages. 
How many cups of black tea would one have to drink to 
have the same amount of caffeine as 2 cups of brewed 
coffee? 

Source: http://www.fusionteas.com/Caffeine-O-Meter_b_44.html

2. Use the information in problem 1 to determine the 
caffeine content of the Yerba Maté tea as a percentage of 
the caffeine content of the 16 ounce energy drink. 

3. Use the information in problem 1. Suppose that Jenny 
regularly drinks 1 cup (8 ounces) of brewed coffee each 
morning. Her doctor has suggested that she switch to 
black tea to help reduce her high blood pressure. Because 
she does not like tea, she instead suggests that she reduce 
the amount of coffee that she drinks. How many ounces 
of brewed coffee should she drink to reduce her caffeine 
intake to equal that of 1 cup of black tea?

4. In Missoula, Montana, a public awareness campaign 
warns pet owners of the dangers of leaving pets in 
vehicles. A billboard contains the following information: 

Temperature outside Car
(Degrees Fahrenheit)

Temperature inside Car
(Degrees Fahrenheit)

70 90
85 102

Assuming that the relationship between the two tempera-
tures is linear, what is the temperature inside the car when 
the temperature outside the car is 90 degrees? 

5. Use the information in problem 4 to fi nd the equation of 
the form y = mx + b that predicts the temperature inside the 
car, y, as a function of the temperature outside the car, x.

6. It has been reported that 36.9 million people in the United 
States claim Irish heritage. The U.S. population in 2014 was 
318.9 million people. What unit fraction is closest to the frac-
tion of the U.S. population that claims Irish heritage?

7. In the fi gure,
line BD intersects 
line AE at point C. The 
length of BC is 9 cm, 
the length of AC is 
15 cm, and the length 
of ED is 8 cm. Find 
the combined area of 
triangle ABC and 
triangle DEC. 

8. Using the fi gure from problem 7, fi nd the length of 
segment AE. 

9. A carpenter divides a board that is 3.5 inch wide into 
4 pieces of equal width by cutting it in 3 places. If the 
width of her saw blade is 1/8 inch, what is the fi nished 
width of each piece? 

10. For a set of 5 positive integers, the mean is 4, the 
mode is 1, and the median is 5. What are the 5 numbers?

11. Ben runs around the track at a pace of 1 lap every 
80 seconds. Sally runs on the track in the opposite direc-
tion. The two meet every 30 seconds. How long does it 
take Sally to run each lap around the track?

12. Suppose that in the square shown below, each box 
is fi lled with a positive number in such a way that the 
products of the numbers in each row, in each column, and 
on each long diagonal are the same. A few numbers are 
shown. What is the number in the lower-right corner?

13. What is the perimeter of a right triangle that has a 
leg of length 5 inches and whose hypotenuse is 2 inches 
longer than the third side? 

14. If it were 2 hours later, it 
would be half as long until 
midnight as it would be if 
it were 1 hour later. What 
time is it?

15. In a certain circle, a 
chord with length 8 feet is 
twice as far from the center as 
a chord with length 10 feet. What is 
the radius of the circle? 

16. Arrange the numbers 21000, 3600, and 10300 in 
order from smallest to largest.

Matt B. Roscoe and Stephan Pelikan

The solutions to the Palette of Problems, online at 
www.nctm.org, are available to NCTM members only.

(Answers on page 446)

?

|AB| = 12 and |CD| = 6 The combined area is 54 + 24 = 787 square centimeters.



U.C. MATH BOWL 2020
LEVEL II — Session 2

Instructions: Write your answers in the blue book provided. Remember that even correct answers without
explanation may not receive much credit and that partially correct answers that show careful thinking and are
well explained may receive many points.

Have Fun!

1. A circle is inscribed in a square with side length 1. In each corner of the square there is a right isosceles
triangle that shares a vertex angle with the square and has hypotenuse tangent to the circle. What is the
area of one of these triangles?

Question 15  
A circle is inscribed in a square with side length 1. In each corner of the square there is a right 
triangle what shares a vertex with the square and has hypotenuse tangent to the circle. What is 
the area of one of these triangles? 
 
 

 
 
 
Answer: 	(3−2 2)/4  
 
Solution: The height of the triangle above its hypotenuse is 	( 2−1)/2  since it is half the 
difference between the diagonal of the square and the diameter of the circle. And, the area of an 
isosceles right triangle is the square of its altitude since the altitude is half the base. We can 
simplify, if we like, as 
 

 
	
( 2−1

2 )2 = 2−2 2+1
4 = (3−2 2)/4.   

 
 
Question 16 
You have 6 brown and 4 black socks in a drawer. Dressing in the dark, you grab two socks at 
random. What is the probability you get two socks of the same color? 
 
Solution: In all there are 		10C2=45 ways to pick two of the 10 socks. 		6C2  =15 of these result in a 

pair of brown socks while 		4C2 =6 result in a pair of black socks. So the probability of getting a 
matching pair is (15+6)/45=21/45. 
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√

2− 1)/2 since it is half the difference
of the diagonal of the square and the diameter of the circle. The area of the triangle is the square of this
altitude since the altitude is half the hypotenuse.
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2. A bag originally contained 12 marbles in some combination of red, green, and blue. After 2 marbles are
removed from the bag the probabilities of drawing a marble of different colors satisfy: P (draw green) <
P (draw red) < P (draw blue).

Is it possible that the original bag contained more green marbles than blue? What about more green marbles
than red marbles?

With 2 marbles removed from the bag, it contains 10 marbles. The largest possible number of green
marbles is then 2 with P (G) = 2/10, P (R) = 3/10, P (B) = 5/10). So the original bag might have had as
many as 4 green marbles — not as many as the blue marbles, but more than the number of red marbles.

3. Suppose that O(0, 0), P (a, b) and Q(c, d) are three points with integer coordinates between 0 and 2 inclusive.
So 0 ≤ a, b, c, d ≤ 2. In how many ways can you pick a, b, c, d so that 4OPQ is a right triangle with one of
its angles measuring 90◦?

People get slightly different answers depending on whether they’re counting the different right triangles
(14) or counting the different right triangles and then allowing that P and Q can be interchanged (28).

Most people find these 14 triangles. To be systematic, consider all possible locations of P and list the
places where Q may go.



Solution: Most people find the 14 triangles illustrated here. To convince others that you've found 
all the triangles, be systematic about picking P in different places and for each then considering 
all possible locations for Q. 

 
 
 
Question 18  
You have plenty of $1 and $2 bills. In how many different ways can you give your friend $40? 
 
Answer: 21 
 
Solution: Partition the ways this can be done according to how many $2 bills are used. We can 
have anywhere between 0 and 20 $2 bills in our payment. For any number of $2 bills, the rest of 
the $40 can be made up in exactly one way --- by using the required number of $1 bills. So there 
are 21 ways to accomplish the task. 
 
Question 19  
You have plenty of $1 and $2 bills. In how many different ways can you give your friend $N? 
Here N is some whole number bigger than 0. 
 
Solution: A good hint here is to suggest considering the cases in which N is odd and even. Or, 
referring to the previous problem, ask what happens if N is 41. 
 
If N is odd, you'll certainly need to use one $1 bill and then make up the remaining $N-1 by 
using any number from 0 up to (N-1)/2 $2 bills and making up the rest with $1 bills. Thus there 
are (N-1)/2 +1 =(N+1)/2 ways to accomplish the task if N is odd. If N is even, you can use 
between 0 and N/2 $2 bills and make up the rest with $1 bills. In this case there are N/2 +1 = 
(N+2)/2 ways to accomplish the task. 

4. In the figure, ABCD is a square and points F and G lie inside the square so that |AF | = 9, |CG| = 3,
|FG| = 5 and AF ⊥ FG and FG ⊥ CG. Find the area of square ABCD.
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5. A school has 40 teachers and each teacher teaches 4 classes. Each class has 30 students and 1 teacher. Each
student takes 5 classes. How many students are there at the school?

There’s 4 × 40 classes and so 30 × 160 student class-periods. With 5 classes per student that makes
4800/5 = 960 students.
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