PRELIMINARY EXAM
PARTIAL DIFFERENTIAL EQUATIONS MAY 2025

Please start each problem on a new page, and arrange your work in order when submitting.
Please choose 5 problems out of the 6 problems on the exam. Only 5 problems will be graded.

1. Consider the following nonlinear (Dirichlet) boundary-value problem on a (open and connected)
domain D C R" with smooth boundary:

Au —u* = f(x) in D,
u=g(x) ondD,

with given smooth functions f(x) and g(x). Show that it is impossible to have two distinct positive
solutions of this problem.

2. Let Rbe the square R = {(x,y): —1<x<1,—1<y<1} C R% Assume that u(x,y) satisfies

Au= -1 in R,
u=20 on JR.

1 1
Show that ri <u(0,0) < >

Hint: Consider v(x,y) = u(x,y) + % (XZ + y2)~

3. Let QO C R" be a bounded domain (open and connected) with smooth boundary. Assume that
u(x, t) is a smooth function on Q) x [0, c0) solving the initial-boundary value problem
up —AMu+V(x)u=h(x), x€Q, t>0,
u(x,0) = f(x), xeQ,

ur(x,0) =g(x), x€Q, 1)
u+a—”zo, x€ed), t>0,
on

where n denotes the outward unit normal vector on dQ) and f(x), g(x), V(x), and h(x) are smooth
functions on Q.

(a) For this part only, suppose that i = 0. In this case, show that

EW) =5 [ () + [Vu(u )P+ V) wix,0)P) det 5 [ (un)?dse

2 Ja a0

is a conserved quantity, i.e., E(t) = constant for all t > 0. What is the value of this constant (in
terms of the data given in the problem (1))?

(b) Use part (a) to show that for any smooth f,g,h, V with V(x) > 0 on (), the initial-boundary
value problem has at most one smooth solution.

The exam continues on the next page.



4. Let () be a bounded domain (open and connected) in R". Assume that g is a function continuous
in Q) x [0, T], up is a function continuous in Q) with ugp > 0, and F : R — R is continuous with
F(s) < C < oo for some constant C > 0 for all s € R.

Suppose that u = u(x, t) with u € C>(Q x (0, T]) N C(Q x [0, T]) is a solution of
uy — Au+ gu = uF(u) inQ x (0,T],
u(-,0) = u on Q) x {0},
u=20 on 0Q) x (0, T1.

Prove that
0 <u(x,t) <supug, forall(x,t)e€ Qx(0,T]
0

Hint: Work with w = ue ™! for a suitable choice of a constant M.

5. Let QO = {x = (x;,x2) € R%: x; > 0}and T = 9Q = {x = (x1,x2) € R*>: x, = 0}. Solve the
boundary value problem
Uy, + by, = u? inQ,
u(x) =sin(x;) onT.
Find the smallest value of x; > 0 such that the solution forms a singularity at x = (x1, x5) for some
x1 € R. For such smallest value of x5 > 0, list values of x; for which the singularity is formed.

6. Find the entropy solution u = u(x, t) for the initial-value problem

ur + uu, =0, xeR, t>0
{ u(x,0) = g(x), x € R,
with the initial data
2, x < —1,
g(x) =<0, -1<x<1,
1, x> 1.



